We investigate the influence of rotation on the chiral condensate in strongly interacting matter. We develop a self-consistent theoretical framework to study the inhomogeneous chiral condensate and the possible chiral vortex state in rotating finite-size matter in four-fermion interacting theories. For sufficiently rapid rotation, the ground state can be a chiral vortex state, a type of topological defect in analogy to superfluids and superconductors. The vortex state exhibits pion condensation, providing a new mechanism to realize pseudoscalar condensation in strongly interacting matter.
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Introduction. A good knowledge of Quantum Chromodynamics (QCD) in extreme conditions is crucial for us to understand a wide range of physical phenomena. The QCD phase diagram at finite temperature and density, related to the early Universe and the compact stars, has been comprehensively investigated [1] [2] [3] [4] [5] . In relativistic heavy ion collisions, strong electromagnetic fields and large vorticities can be generated in non-central collisions [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . Understanding the phase structure of strongly interacting matter at finite electromagnetic field and rotation thus becomes important.
In this work, we focus on the chiral phase structure at finite rotation, which can be in principle studied by using lattice QCD [21] . It is widely accepted that the chiral symmetry breaking and restoration can be well described in some low-energy effective models [22] [23] [24] . Here we study the chiral phase structure of strongly interacting matter under rotation using a four-fermion interacting model, known as the Nambu-Jona-Lasinio (NJL) model [25] . In rotating relativistic matter, the finite size and boundary effects cannot be ignored, and the chiral condensate is generically inhomogeneous. In the previous works, the local density approximation (LDA) is employed to evaluate the quasiparticle spectrum and the free energy [26] [27] [28] [29] [30] [31] [32] . In LDA, the chiral condensate is treated as locally homogeneous, so that the singleparticle Dirac equation can be solved analytically. Its validity thus depends on the system size and it may become invalid for small system sizes. Furthermore, such an approximation excludes the possibility of some exotic phases, such as the quantized vortex state [33] [34] [35] [36] [37] [38] [39] [40] , a type of topological defect associated with the spontaneous symmetry breaking.
One purpose of this work is to develop a self-consistent theoretical framework to study the inhomogeneous chiral condensate in rotating finite-size matter in four-fermion interacting theories. Keeping in mind that the dynamical chiral symmetry breaking in four-fermion interacting models is analogous to the BCS superconductivity, we use a Bogoliubov-de Gennes (BdG) approach [41] for inhomogeneous chiral condensate in a finite-size rotating system.
In such an approach, the single-particle spectrum and the inhomogeneous chiral condensate are self-consistently determined by solving the BdG equation numerically.
On the other hand, rotating quantum matter can exhibits interesting physical phenomena, such as quantized vortices and vortex lattices, which has been observed in rapidly rotating Bose-Einstein condensates and fermionic superfluids [42] [43] [44] [45] . A quantized vortex is a type of topological defect, which can appear in systems with spontaneous breaking of continuous symmetry. The simplest scenario is the spontaneous breaking of a U(1) symmetry, such as in Bose-Einstein condensates and fermionic superfluids. In this case, the circulation around the vortex axis is provided by the phase of the complex order parameter.
The self-consistent BdG theory enables us to explore the vortex solution of the chiral symmetry breaking in rotating strongly interacting matter. In this work, we study the NJL model with the simplest U(1) chiral symmetry. The vortex solution in a rotating NJL system is obtained by solving the BdG equation. We find that for a finite-size system, the vortex state can be the ground state when the angular velocity becomes larger than a critical value. Moreover, in the vortex state, nonzero expectation value of the pion field is generated. Therefore, rotation provides a new route to generate pseudoscalar condensation in strongly interacting matter.
Bogoliubov-de Gennes theory. We study a four-fermion interaction model with a U(1) chiral symmetry. The Lagrangian density is given by
where the fermion field ψ is a four-component spinor, N is the number of flavor, and G is the coupling constant.
We consider a finite-size system with a constant angular velocity along the z direction, ω = ωẑ. The theory thus can be considered in either 3+1 or 2+1 dimensions.
We evaluate the partition function Z in the rotating frame. In the imaginary time formalism, it can be ex-
, with the action
Here´dx =´β 0 dτ´dr with τ being the imaginary time and β being the inverse of the temperature T , and g µν is the space-time metric of the rotating frame [46, 47] . The Hamiltonian density in the rotating frame is given by
Here the the singleparticle's angular momentum is given byĴ = −ir × ∇ + 1 2 Σ, with Σ being the spin operator.
We evaluate the partition function to the leading-order in the 1/N expansion, which amounts to the mean-field approximation. We thus define the following sigma and pion condensates,
Note that the above expectation values can be in principle spatially inhomogeneous. The Hamiltonian density in the mean-field approximation reads
. Furthermore, because of the U(1) chiral symmetry, the sigma and pion condensates can be combined into a complex order parameter
where the modulus M (r) and the phase φ(r) are set to be real. For an infinite uniform system, spontaneous chiral symmetry breaking is characterized by a uniform solution M = 0, and the phase can be chosen arbitrarily. Physically we chose φ = 0, indicating a vanishing pseudoscalar condensate π = 0. For a given profile of ∆(r), the partition function in mean-field approximation can be evaluated once the eigenvalue problem of the operatorK is solved. The eigenvalue equation can be expressed aŝ
where n is a complete set of quantum numbers. Using the transform ψ(τ, r) = n,k c nk e −iω k τ Ψ n (r), the action in the mean-field approximation can be evaluated as
where ω k = (2k + 1)πT (k ∈ Z) is the fermion Matsubara frequency. The free energy F can be evaluated by completing the functional integral over c * nk and c nk . We obtain
The eigenvalue equation (6) is nothing but the Bogoliubovde Gennes equation for an inhomogeneous condensate ∆(r). The inhomogeneous profile ∆(r) should be self-consistently determined by the variational condition
For the homogeneous case, this equation gives nothing but the so-called gap equation.
We are interested in a general solution with an arbitrary circulation number κ, which is related to the phase of the condensate,¸dl · ∇φ = 2πκ. Working in cylindrical coordinates r = (ρ, θ, z), we look for the solution of the following form,
The corresponding sigma and pion condensates read
In the previous works, the trivial case κ = 0 was considered. The solution with a nonvanishing circulation, κ = 0, corresponds to the quantized vortex state. In this state, an angular stripe-like pion condensate is generated.
(2+1)-dimensional system. To be specific, we now consider the (2+1)-dimensional case. We expect that the rotation effect on the chiral condensate is similar to that in 3+1 dimensions. The advantage of 2+1 dimensions is that the four-fermion interaction model can be renormalized to arbitrary order in 1/N [48] . Thus the artificial effects, like the regularization scheme dependence and the model parameter dependence can be completely avoided in 2+1 dimensions.
The model is renormalized in vacuum. At the leading order in 1/N , the bare coupling constant G(Λ) should be fine tuned such that [48] 1
where Λ is a high energy cutoff for the fermion momentum and the critical coupling is givenby G c = π/Λ. The emergent finite quantity M 0 > 0 serves as the only mass scale in the theory. In this work we focus on the case G > G c . Spontaneous chiral symmetry breaking occurs in vacuum and the effective fermion mass is given by M * = M 0 . The BdG equation can be explicitly expressed as
Starting from the usual gamma matrices for fourcomponent spinor in 2+1 dimensions [49] , we arrive at a chiral-like representation after a unitary transform [50] . In this representation, the blocks of theK operator are
, where σ i (i = 1, 2, 3) are the Pauli matrices. The advantage of this chiral representation is that the sigma and pion condensates are explicitly combined into a complex condensate ∆(r), which appears in the off-diagonal blocks, in analogy to the BCS superconductivity.
Because of the rotational symmetry of the solution (10), the wave functions for an arbitrary circulation κ can be expressed as
where l denotes the angular quantum number. The
BdG equation decouples into different l sectors. We consider a circular box of radius R. To solve the BdG equation, we need a proper boundary condition at ρ = R. Here we impose a condition of no incoming flux at the spatial boundary. In polar coordinates, we have´2
Using this boundary condition, we can further expand the radial parts as u
, where the orthonormal basis set is given by φ j,l (ρ) = √ 2J l (α j,l ρ/R)/[RJ l+1 (α j,l )], with α j,l being the j-th zero of the Bessel function J l (x). For a given l, the BdG equation thus reduces to a matrix form
where the elements are given by K
While different l sectors are decoupled in (15), they are coupled through the variational equation (9) . The variational equation can be explicitly given by
where n F (ε) = 1/(e βε +1) is the Fermi-Dirac distribution. Since the model is renormalizable, we expect that the dependence on the cutoff Λ disappears once we set Λ → ∞. In practice, we impose a high-energy cutoff for the summation over the energy levels, |ε nl | < ε c , where
While it is hard to be proven analytically, we have checked numerically that for Λ → ∞, the cutoff dependence on the left-hand and right-hand sides cancels each other and the variational equation (16) gives a cutoff independent result.
Results and discussion. Solving the BdG equation simultaneously with the variational equation is not an easy job. Two convergence issues should be treated carefully. First, since the Bessel function J l (x) has infinite number of zeros, we need a truncation j < j max to solve the matrix equation (15) . This amounts to a high-energy cutoff for the energy levels {ε nl }. Second, according to the asymptotic behavior J l (x) ∼ (2πl) −1/2 (ex/2l) l for large l, we expect that the summation of l converges fast. The computational cost depends on the size of the system. A larger system size R leads to more computational cost. We first study the trivial solution with vanishing circulation κ = 0. Fig.1(a) shows the pure finite-zise effect at zero temperature and at vanishing rotation. For a large system size M 0 R = 10, we find that the bulk limit is almost reached. The condensate profile M (ρ) is flat in a wide regime and almost reaches the bulk value M ≃ M 0 . Near the boundary, the condensate ocssilates and finally vanishes at the boundary ρ = R. Our selfconsistent result thus justifies the LDA for a large system size. However, for small system sizes, our results deviate significantly from the LDA. Finite-size effect leads to a global enhancement of the chiral condensate and inhomogeneity around the origin and near the boundary. Fig.1(b) shows the temperature and rotation effects on the chiral condensate for a large system size M 0 R = 10. At zero temperature, the rotation does not lead to a suppression of the chiral condensate. While the profile of the chiral condensate has a slight change due to the finitesize effect, for an infinite system (R → ∞), we expect that the rotation has no effect on the chiral condensate, leading to the conclusion that the cold vacuum does not rotate [29, 30] . At finite temperature, the rotation generally leads to a global suppression of the chiral condensate.
Next we consider the vortex solution with nonzero circulation κ = 0, where the phase of the order parameter, φ(r), plays a nontrivial role. Since ∇φ = κρ −1θ , the gradient of the phase is singular for ρ → 0, implying that the kinetic energy associated with the phase would diverge. The way out is to force the modulus M (ρ) to go to zero for ρ → 0. From the variational equation (16), we obtain M (ρ) ∼ ρ |κ| for ρ → 0. We note that the vortex solution exists for arbitrary angular velocity ω. Fig.2(a) shows the typical vortex core structure from our self-consistent BdG calculation for κ = 1 at vanishing rotation. For finite ω, the vortex core structure is qualitatively similar.
For vanishing and slow rotation, the vortex state is an excited state. The excitation energy E v of a vortex for ω = 0 can be estimated by the effective Hamiltonian of the phase, H eff ∝´dr(∇φ) 2 , to the quadratic order. We obtain qualitatively E v ∝ κ 2 ln(R/ξ), where ξ is the size of the vortex core, or the so-called healing length. Since we consider ω > 0 without loss of generality, finite rotation reduces the free energy of the vortex state with positive circulation, which can be qualitatively understood by the fact that the vortex carries a finite angular momentum. Therefore, we expect that the vortex state becomes the favorable ground state if the rotation is rapid enough, exceeding a critical angular velocity ω c which depends on the size R, the circulation κ, and the temperature T .
From the estimation E v ∝ κ 2 ln(R/ξ), we conclude that the vortex state with circulation κ = 1 would become energetically favorable at large angular velocity. On the other hand, because of the causality constraint ωR < 1, the critical angular velocity ω c cannot exceed the maximum angular velocity ω max = R −1 . Fig.2 (b) shows the free energy difference, δF = F κ=0 − F κ=1 , as a function of ωR for M 0 R = 4 and M 0 R = 5 calculated from our self-consistent BdG approach. It is clear that there exists a critical angular velocity ω c below the causality bound. For ω > ω c , the vortex state becomes the favorable ground state. In the state, the pseudoscalar condensate is given by π(ρ, θ) = M (ρ) sin θ, forming an angular stripe-like structure. For large system size, such as M 0 R = 10, the critical angular velocity exceeds the causality bound and hence becomes unphysical. The final remark here is on the boundary condition. While we have used a specific boundary condition in this work, the generic feature of the chiral vortices does not reply on it. The preference of the vortex state at large ω is due to the competition between the vortex excitation energy and the rotation reduction of the free energy, and therefore does not qualitatively rely on the boundary condition.
Summary. In summary, we have developed a selfconsistent approach to study the inhomogeneous chiral condensate and the possible chiral vortices in rotating finite-size matter within four-fermion interacting theories. For sufficiently rapid rotation in a finite-size system, the ground state can be a chiral vortex state, a type of topological defect associated with the dynamical chiral symmetry breaking. The vortex state exhibits angular stripe-like pion condensation, providing a new route to realize pseudoscalar condensation in strongly interacting matter. In this work, we have studied the simplest scenario, a U(1) chiral symmetry. The extension to SU(2) chiral symmetry may enable us to realize the proposed non-Abelian vortices [51, 52] . Our study on the 2 + 1 dimensional system may also have impact on planar condensed matter systems. Since the model can be mapped to a superconducting problem with Dirac fermions, our theoretical predictions may also be tested in some novel superconducting materials, such as graphene [53] .
